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Abstract 

In the dynamical gauge-Higgs unification the 4D Higgs field is unified 
with gauge fields and the electroweak symmetry is dynamically broken by the 
Hosotani mechanism. Interesting phenomenology is obtained in the Randall- 
Sundrum warped spacetime. (i) The Higgs boson mass is predicted at the LHC 
energies, (ii) The hierarchy in the fermion mass spectrum is naturally explained, 
(iii) Tiny violation of the universality in the charged current interactions is pre- 
dicted, (iv) Yukawa couplings of quarks and leptons arc suppressed compared 
with those in the standard model, (v) WWH , ZZH couplings are suppressed 
compared with those in the standard model. 

1 Introduction 

In the gauge-Higgs unification 4D Higgs scalar fields are unified with 4D gauge fields 
within the framework of higher dimensional gauge theory. Low energy modes of 
extra-dimensional components of gauge potentials are 4D Higgs fields. The scenario 
works remarkably well when the extra-dimensional space is non-simply-connected. ^ 
|5j There arise Yang-Mills AB (Aharonov-Bohm) phases along the extra dimension, 
whose fluctuations in four dimensions are nothing but the 4D Higgs fields. The 
most notable feature is that quantum dynamics generate non-trivial, finite effective 
potential for the Higgs fields, inducing dynamical gauge symmetry breaking and 
generating finite masses for the Higgs fields at the same time. Even though the 
theory is non-renormalizable, many properties of the Higgs fields can be deduced 
irrespective of unknown dynamics at the cutoff scale. The Higgs boson mass turns 
out to be much smaller than the Kaluza-Klein mass scale. This is contrasted to 
the earlier proposal of the gauge-Higgs unification based on the ad hoc symmetry 
ansatz.0 15 

In the last ten years the scenario of the gauge-Higgs unification has been applied 
to the electroweak interactions and grand unified theories with the aid of orbifolds as 
extra dimensions . [5] - pi] In this article we focus on applications to the electroweak 
interactions where, besides the Higgs boson mass, many illuminating predictions are 
made for LHC and linear colliders. 

^Proceeding for the Cairo International Conference on High Energy Physics, German University 
in Cairo, Egypt, 14 - 17 January 2006. 



To achieve the gauge-Higgs unification in the electroweak interactions, there are 
a few requirements to be fulfilled. First of all, the electroweak gauge symmetry is 
SU{2)l X U{\)y which breaks down to C/(1)em triggered by non- vanishing VEV of 
an SU (2) l doublet Higgs field. In order for the 4D Higgs field be a part of gauge 
potentials the original gauge group must be larger than SU{2)l x U{1). Secondly, 
fermion content must be chiral. The second requirement is restrictive, as fermions in 
higher dimensions tend to lead to vectorlike theory in the effective 4D theory at low 
energies, unless the extra-dimensional space has nontrivial topology or there exists 
nonvanishing flux in the extra dimensions. These requirements can be naturally and 
easily fulfilled when the extra dimensional space is an orbifold. 

1.1 Gauge theory on an orbifold 

Consider with a coordinate y where y and y + 27rR are identified. Further we 
identify y and —y, which gives an orbifold S^/Z2. There appear two fixed points 
under parity; yo = and yi = irR. Let us analyse gauge theory on x {S^/Z2), 
which is first defined on a covering space M^, supplemented with restrictions ap- 
propriate to preserve the nature of /Z2. Although yj + y and yj — y represent the 
same physical point, gauge potentials need not be the same. They may differ from 
each other up to a gauge transformation. The orbifold structure is respected if 

{aI) -y^ = {-Ay) y^ + 

where Pj is an element of the gauge group satisfying P? = I. Similarly for fermions 
in the spinor representation in an SU{N) group or in the vector representation in 
an SO{N) group 

i^ix, yj -y) = ±Pjj^ij{x, yj + y) . (2) 

If Pj 0c /, the gauge symmetry G apparently breaks down to a smaller subugroup 
Hbc- {PqjPi} defines the symmetry of boundary condition. Hbc is not necessarily 
the physical symmetry -ffphys which survives at the end. -ffphys can be either smaller 
or larger than H^q. Put it differently, two distinct sets of boundary conditions, 
{Pq) -Pi} and {Pq, -P{} can be equivalent to each other in physics content. All of these 
are due to dynamics of Yang-Mills AB phases. It is called the Hosotani mechanism. ^ 
13 llflj In the application to the electroweak interactions we would like to have H^c = 
SU{2)l X U{1)y and //phys = U{1)em- 

In the SU{3) model, Pq = P^ = diag (-1,-1,1) gives Hbc = SU{2) x U{1). 
Zero modes exist for the H-qc part of and for the G/H-qc part of Ay which 
forms an SU{2) doublet and idetified with the 4D Higgs field. Although this model 
gives an incorrect Weinberg angle, it gives a nice working ground to investigate 
physics of the W boson and fermions. Another model of interest is the 50(5) x 
U{1)b-l model proposed by Agashe et ah^HI For the 50(5) part we take Pq = 
Pi = diag (-1,-1,-1,-1,1), which gives iJ^c = '^'0(4) x U{1)b-l = SU{2)l x 
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SU{2)ji X U{1)b-l- With additional dynamics on the one of the branes at y = 0, 
the symmetry of boundary conditions is reduced to Hbc = SU{2)l x [/(l)y. Zero 
modes of A,, are located at 



Ay^ 



\i(t)i i(/>2 icj)^ i(l>4 



-i(pi\ 
-i(j)2 

/ 



^4 - i(/>3 



(3) 



$ is the 4D Higgs doublet in the standard model. We note that with the given 
{Po,Pi}, Am becomes periodic; AM{x,y + 2ttR) = AM{x,y). 

1.2 Yang-Mills AB phase Oh 

The zero modes of Ay lead to non-Abelian generalization of the Aharonov-Bohm 
phases (Yang-Mills AB phases).^ The configuration gives vanishing field strengths 
Fmn = 0, but gives nontrivial phases 



ttR 



dyA, 



(4) 



The spectrum of gauge fields and fermions depends on Qh- The phase Qh is a 
physical quantity. As seen in eq. the 4D Higgs fields are four-dimensional 
fluctuations of the Yang- Mills AB phases. This property leads to the finiteness 
of the Higgs boson mass. [I], 0, 

In the SO{5) x U{1)b-l model one can suppose with the use of the residual 
SU {2)l symmetry that only the (p4 component of Ay is nonvanishing in the vacuum. 
The Yang-Mills AB phase 9h is given by 



eH = 9H-f^ , A 



V 



i I 



(5) 



There exist large gauge transformations which shift Ou by multiples of 27r, while 
preserving the boundary conditions; 



g 



A'j 

e'jj = 0H + 2Trn . 



(6) 



It is seen that the phase nature of 6h is a consequence of the large gauge invariance. 



In the literature they are often called Wilson line phases. 
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2 Difficulties in flat space 



Before going into detailed discussions in the Randall-Sundrum warped spacetime, 
we briefly summarize difficulties one encounters in gauge-Higgs unification in flat 
spacetime. The value of 6h is dynamically determined once the matter content is 
specified. In typical situation the global minimum of the effective potential VefiiOn) 
is located either at 9h = or at 6h = 0(1). In the former case the gauge symmetry 
Hbc is unbroken, whereas in the latter case the symmetry breaks down to U{1)em- 
The W boson mass, m-w, becomes non- vanishing for 7^ at the tree level. In 
flat space 

\ sin Oh] 

(7) 

which implies that the Kaluza-Klein mass scale Mkk is too low. Since the 4D Higgs 
boson corresponds to four-dimensional fluctuations of Oh, its mass arises as radiative 
corrections. It turns out finite, but is given by 



aw ^ aw T^mw 

which typically gives too small mn ~ 10 GeV. Of course, Oh can be small as a 
result of cancellations among contributions from various matter fields. However, 
it requires tuning of the matter content. We argue that natural resolution of the 
problem can be found once the gauge-Higgs unification is achieved in the Randall- 
Sundrum spacetime. 

3 The Randall-Sundrum warped spacetime 

The Randall-Sundrum (RS) warped spacetime is given by 

cr(y + IttR) = a{y) = a{-y) , 

<y{y) = k\y\ for \y\ < t^R , (9) 

where 7]^^, = diag (1, — 1, — 1, — 1). It has topology of S^/Z2. In the bulk five- 
dimensional spacetime < y < ttR, the cosmological constant is given by —k'^. 
In other words, the RS spacetime is the 5D anti-de Sitter space sandwiched by 
the Planck brane (at y = 0) and the TeV brane (at y = ttR). The warp factor 
gTrfcij provides natural explanation of the large hierarchy factor Mpi/mw ~ 10^^, as 
was originally pointed out by Randall and Sundrum.[5Sj We examine gauge theory 
defined on the RS spacetime. Many surprises are hidden there. [T^ I21j 

The spectrum of various fields in the RS spacetime has been analyzed by many 
authors. |27| I28j Each field has a Kaluza-Klein tower, which has a spectrum tiin ~ 
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MxK'iT' for large n with the Kaluza-Klein mass scale M^^given by 

Trfc \^/R as A; ^ 0, , , 

Mkk To — 7 = < , p 10 

e^fciJ_l l^rfce-^^'-^ ioikR>2. ^ ' 

It is legitimate to suppose that k = O(Mpi). For kR ~ 12, Mkk comes out in the 
TeV range. In the RS spacetime, the spectrum is not with an equal spacing for small 
n. 



4 W boson and Z boson 

As in the flat spacetime, W bosons and Z bosons acquire finite masses as the Yang- 
Mills AB phase Oh becomes nonvanishing. In the SU{2>) model the eigenstate of the 
W boson becomes a mixture of A^^ and A?^ . Its mass is given by 



2^ -TvkR 



. Oh 
sm — 
2 



fill 



The neutral current sector is not realistic at all. 

In the 50(5) x U{1)b-l rnodel we denote 50(5) gauge fields in the SU{2)l, 
SUi2)R, and SO{5)/SU{2)l x SU{2)n parts by A^^, and Af^ {j = 1,2,3, 

a = 1,2,3,4), and U{1)b-l gauge fields by B^, respectively. The W boson becomes 
a mixture of Aj/^ + iA'j/' , Ajf^ + iA^^ , and A^^ + iA^^ with a mass 



mw- \j^e-^'^'^\s\uOH\. (12) 

The Z boson becomes a mixture of A^^ , B^, A'^^ and A"^ with a mass 

mw 

mz 



cos Ow 



smt^VK = = = — , (13) 

where gA and gs are the 50(5) and ?7(1) gauge coupling constants, respectively. gY 
is the weak hypercharge gauge coupling constant. 

When sin^// is 0(1), or unless Oh ^ ^, the relation (|12() implies that kR ~ 12 (6) 
for k ~ O(Mpi) (10^2 GeV). With kR = 12, Mkk turns out 1.8 ~ 3.5 TeV for 
0fj = (0.4 ~ 0.2)7r. 



5 Higgs boson 

The 4D Higgs field corresponds to four-dimensional fluctuations of the Yang-Mills 
AB phase Oh so that its mass and self-couplings can be obtained from the effective 
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potential for 6^. In the 50(5) x U{1)b-l niodel the zero mode of Ay is related to 
the 4D neutral Higgs field (p^ by 



The effective potential T4fr(^//) at one loop is given by 

ye^{eH) = Y.^l I ^,E^^{p' + ml{9H)} . (15) 

It is shown that the S/^-dependent part of Vcs{6h) is finite, independent of the cutoff 
scale. [Tl 01 117| In a model with standard matter content it is 

Ves{0H)^-^ M^KK fm , (16) 

where the amplitude of f{0H) = f{(^H + 27r) is 0(1) as confirmed in various models. 

Suppose that the global minimum of V^fr(^_H') is located at Oh ^ ^ {mod tt) so 
that the electroweak symmetry breaks down. By expanding the effective potential 
around the global minimum one can determine the mass of the Higgs boson and its 
self-couplings. The mass and quartic coupling are found, in the 50(5) x U{1)b-l 
model, to be 



V oivr 2 smtiH 

A~^|/l"(fc)(^)' . (17) 

Notice the presence of the enhancement factor TrkR/2 ~ 20, which is absent when 
evaluated in the fiat spacetime. For 9h = (0.2 ~ 0.5)7r, one finds that mn = 
(120 — 210) GeV and A ~ 0.3. Note that in fiat spacetime the values are mn ~ 10 
GeV and A ^ 0.0008, which already contradicts with observation. 

It is surprising that the Higgs mass turns out to be at LHC energies, though 
there exists ambiguity in /^"^^Oh)- The enhancement factor originating from the 
curved space is essential. 



6 Quarks and leptons 

The Lagrangian density for quarks and leptons in a generic form is given by 

Cf = i^ iT^ea^^[dM + ^WfecAf [^^ n - igAAM - '-gBqB-LBM}i^ - ck e{y)i> V (18) 

where e{y + 2TrR) = e{y) = —e{—y) and e(y) = 1 for < y < ttR. The last term is 
called a bulk kink mass.^Tj The dimensionless parameter c plays an important role 
in determining wave functions of fermions. 
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Figure 1: The lightest mass eigenvalue as a function of c at 6w = ^vr. The 
vertical axis is in the unit of m\Y, or the fermion mass value at c = it^. 
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c 0.87 


0.71 


0.63 


0.81 


0.64 


0.43 



Table 1: The values of c for leptons and quarks 

Let us consider a fermion multiplet in the spinor representation of 5*0(5) in 
the 50(5) X U{\)b-l model. The boundary condition matrices in are given by 



Pq = Pi = diag (1, 1, —1, —1). -i/) contains 



Ql Qr 



'(+,+) (-, 
(-,-) (+, 



(19) 



where q and Q belong to (2, 1) and (1, 2) of SU{2)l x SU{2)ji, respectively, ql and 
Qr are even under parity, and have zero modes in the absence of Am irrespective 
of the value of c. 

When Oh / 0, the gauge coupling gAtp^^&5^ mixes q and Q. Further Ay(y) 
has nontrivial y-dependence in the RS spacetime so that the mixing with KK excited 
states also results. The fermion mass in four dimensions is determined by finding 
eigenstates under such mixing. 

To good accuracy the lightest mass eigenvalue is given by 



c2 _ 1 \ 1/2 

mf k{ —-- T- ^ p- 1- ^ |sini6'i^| . (20) 

/ \ e^fcflsinh[(c+i)A;7ri?] sinh[(c-i)A;7rfl]y ' ^ ' 



The result is depicted in fig. ^ for 9h = |vr. c = 1 corresponds to nif = mw- Given 
the fermion mass mf, the value of c is determined. 

The remarkable fact is that the values of c are distributed in the range 0.43 < 
c < 0.87. The huge hierarchy in the quark-lepton masses is explained by standard 
distribution of c, which is a natural quantity in the RS spacetime. The mass becomes 
exponentially small for c > 0.6. 
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Figure 2: The 4D gauge coupling g{o)/gi as a function of c = M/A; for 9w = and 
kR = 12 in the SU{^) model. 



6.1 Suppressed Yukawa couplings 

By inserting the wave functions of the 4D Higgs field and fermions into qa^^ ^^e^^Ayip 
and integrating over y, one finds the Yukawa coupling in four dimensions. In the 
standard model the Yukawa coupling is proportional to the mass of the fermion. 
The relation in the dynamical gauge-Higgs unification is modified, becoming 



:(c- 

It is suppressed by a factor cos^ ^Oh 



Vtb ~ : — — • cos — = — ■ cos — . (21) 



7 Gauge couplings of quarks and leptons 

The electric charge is conserved and the electromagnetic coupling is universal. It 
is the same to all charged particles. The weak coupling constants, however, may 
not be universal once SU{2)i x f7(l)y breaks down to C/(1)em- In the standard 
model those weak couplings are universal at least at the tree level. In the dynamical 
gauge-Higgs unification small deviation results. 

Each fermion multiplet couples to the W boson with g(o) {Oh , c) obtained by 
integrating over y with wave functions of W and fermions inserted in the gauge 
interaction term in ((TH|) . (7(0) depends on both 9h and c. It is depicted in fig. |21as 
a function of c = M/k at 9h = ^tt. For c > ^ the deviation is very small. The 
asymptotic value for c < ^ is cos 9h in the SU{3) model. 

For the values of c(> 0.43) for quarks and leptons in table 1, the dependence of 
^((0) on c is small. The violation of the //-e, r-e, and t-e universality in the charged 
current interactions is of order of 10~^, 2 x 10~^ and 2 x 10~^, respectively. 

Each quarks and leptons couples to the KK excited states of gauge bosons as 
well. It was noticed that those couplings can be large at c = 0, which gives rise to 
contradition with observation unless Mxk is sufficiently large. 
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rj = 3 
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Figure 3: The gauge coupHngs to the n-th KK excited states of W, g^^^ (n = 1, 2, 3) 
as functions of c = M/k at 6w = ^tt in the SU{?>) model. 

The coupling (7(„) of a fermion to the n-th KK excited state of W is depicted in 
fig. 3 at = i. It is seen that the couplings are very small for c> ^ as noted by 
Gherghetta and Pomarol so that the earlier constgraint on Mkk is evaded. 



8 WWZ, WWH, and ZZH couplings 

At Oh 7^ 0, an eigenstate of each field becomes mixture of various components of the 
multiplet which the field belong to. All of the W, Z, and H fields in four dimensions 
are parts of the gauge field multiplets. The mixing pattern is not identical among 
these fields so that the effective 4D couplings necessarily depend on 6h- This would 
provide critical tests for the dynamical gauge-Higgs unification particularly in the 
WWZ, WWH, and ZZH couplings. 
The WWZ coupling is found to be 



gwwz ^ 9 cos 9w 



(22) 



To this order the coupling is the same as in the standard model. The experiment at 
LEP2 indicates the validity of the standard model. 
The WWH and ZZH couplings are found to be 



^WWH - 
>^ZZH — 



gmw ■ PH cos 9h 

gmz „ 
• ph cos Uh 



cos 9w 



(23) 



where pn = sign(sin0//). These couplings are suppressed by a factor cos 9h- Note 
that these couplings are important in drawing a constraint for the Higgs boson mass 
from the LEP data as well. 
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